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Solvable linear groups have been studied extensively. Here we shall add 
a few new results. In the first part of the paper, we derive a simple criterion 
when a maximal irreducible solvable linear group is primitive. Our main 
result is the following theorem. 
THEOREM A. Let K be aJield and G a maximal irreducible solvable subgroup 
of GL(n, k). Then the following statements are equivalent: 
(i) G is primitive. 
(ii) For every maximal normal abelian subgroup A of G, the linear span 
k[A] of A over k is a Jield. 
(iii) G has a maximal normal abelian subgroup A such that k[A] is a Jield. 
The difficult part of the theorem is to show (iii) + (i). In the process of 
establishing this, more explicit structure theorems of maximal primitive 
solvable linear groups are presented. 
In [8], Zassenhaus proved that the derived length of a solvable linear 
group of degree n is bounded by a positive integer k(n) depending only on 7t. 
In [3], Huppert sharpened drastically the result of Zassenhaus. Huppert 
proved that one can take k(n) < min{2n, 1 + 7 logs n}. In the second part 
of the paper, we improve further Huppert’s estimate. For this, we present the 
following theorem. 
THEOREM B. Let G be a solvable linear group of degree n. Then the /\-th 
derived group D(G) = {I} when h > min{n + 2, 1 + 5 log, n}. 
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NOTATIONS. Let K be a field. We denote by KS the multiplicative group 
of non-zero elements of K, and M,(k) the ring of n by 71 matrices with entries 
in k. Let H be a subgroup of GL(n, K). We write k[H] for the linear span 
of H over k. The adjoint representation of GL(n, k) is the representation 
W: GL(n, k) -+ Aut,(M,(K)) defined by w(g)u = gag-l, (g E GL(n, K), 
a E in@)). 
1. MAXIMAL IRREDUCIBLE SOLVABLE LINEAR GROUPS 
Before we prove Theorem A, we shall establish a sequence of lemmas 
needed later. Our argument is very close to that in [7]. However, we make 
drastic modifications and add some new results. Let k be a field and G a 
maximal irreducible solvable subgroup of GL(n, k). In the sequel, G is fixed 
and we assume that G has a maximal normal abelian subgroup A such that 
k[A] is a field. 
LEMMA 1.1. Let B be the centralixer of A in G, K = k[A] and 1 the index 
[K : k]. Then we have the following conditions: 
(i) A = K3. 
(ii) I is a divisor of n. 
(iii) Through the adjoint representation, the quotient group G/B can be 
ident$ed with a solvable subgroup of the Galoisgroup Gal(K/k) of K over k. 
(iv) [G : B] < 1. 
Proof. (i) Clearly Kx is invariant under w(G). Hence, by the maximality 
of G, Kx is contained in G and by the maximality of A, A = Kx. 
(ii) Since k” is a K-module and K is a field over k, obviously I has to 
be a divisor of n. 
(iii) Let w: G -+ Gal(K/k) be the homomorphism induced from the 
adjoint representation. Clearly the kernel of w coincides with B, hence (iii) 
follows easily. 
(iv) is immediate from (iii), for the order of Gal(K/k) is < [K : k] = 1. 
Let B, K, and I be as defined above. Let N be a maximal normal subgroup 
of G satisfying the conditions that N/A is abelian and N is contained in B. 
In the following, we are going to determine the structure of N/A and the 
representation of B in N/A. 
LEMMA 1.2. Let B, K, and 1 and N be as described above. Then we have the 
following conditions: 
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(i) Z,(N), the centralizer of N in B, coincides with A. 
(ii) The order of any element of N/A is a divisor of n/l. 
(iii) For every subgroup M of G with A C M C N, [M: A] = [k[M] : K]. 
Proof. Let us write L for Z,(N). Let s be the derived length of L. Suppose 
that s > 1. Since Ds-l(L) is normal abelian, the subgroup ADS-l(L) is also 
normal abelian; hence by the maximality of A, D-l(L) is contained in A. 
However, Da-s(L) is not abelian, thus one concludes easily that it cannot be 
contained in N. Evidently the subgroup NDs-2(L) is normal in G, contained 
in B and the quotient group NDs-2(L)/A is an abelian group containing N/A 
properly. Therefore, we get a contradiction. Hence s has to be 1 and 
Z,(N) = A follows readily. 
(ii) Let m = n/l. Since [K : k] = 1, we may identify kn with K” and 
&,(,,,,(A) with GL(m, K). Let t and x be any two elements of N. Then 
xtx-1 = At 7 
for some h in A, because N/A is abelian. Let det: GL(m, K) + K be the 
determinant function. Clearly, we have det(t) = det(xtx-l) = det(Xt) = 
X” det(t), hence P = 1. Now one computes easily xtmx-l = tm. Since x is 
arbitrary, t* lies in the center of N. By (i), tm is in A and (ii) is proved. 
(iii) Clearly [k[M] : K] < [M : A]. Suppose that [k[M] : K] < [M : A]. 
Then there are elementsgr ,..., g,, in M belonging to distinct cosets of A which 
are linearly dependent over K. Let h be smallest and 
(1.3) g1 + E2g2 + *-- + 5A& = 09 
with & E K, (2 < i < h), a non-trivial relation. Since g, and g, belong to 
distinct cosets of A, there is an element of g in N with [g, g,] # [g, g,]. Let 
& = [g, gi], (1 < i < X). Clearly & E K, (1 < i < I\) and 5, # t2 . Applying 
w(g) on (1.3), we have a linear relation 
(1.4) a+ ?l2g2 + .** + Qg, = 0. 
with Q = (&/[r)& , (2 < j < A). Since [, # r/2 , the difference of (1.3) and 
(1.4) yields a non-trivial linear relation of g, ,..., gh over K. Obviously this 
contradicts our choice of X. 
1.5. A pairing of N/A x N/A into A. Let N’ be the inverse image of the 
group Z,,,(N/A) in B. Since A = Z(B), the map (x, y) + [x, y] = xyx-ly-l, 
(x E N, y E N’) defines a pairing /3: N x N’+ A. By (i) of Lemma 1.2, 
/3 induces a non-degenerate pairing /?: N/A x W/A -+ A. In particular, this 
yields that W/A is abelian; hence, by the maximality of N, N = N’. 
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LEMMA 1.6. (i) A$4 = 2,&V/A). 
(ii) The pairing fl: N/A x N/A -+ A induced by (x, y) -+ [x, y], 
(x, y E N), is non-degenerate and skew. 
(iii) N/A is a direct product of prime order cyclic groups. 
(iv) Let M be a normal subgroup of G with A C MC N. Then k[M] is a 
central simple algebra over K. 
(v) Let MI be a maximal normal abelian subgroup of M. The groups 
M/MI and MI/A are isomorphic. 
Proof. (i) is already established above in 1.5. 
(ii) Since [x, y]-’ = [y, x], clearly fi is skew symmetric. By (i) of 
Lemma 1.2, B is non-degenerate. 
(iii) Let P be ap-Sylow subgroup of N/A. Since N/A is abelian, evidently P 
is normal in G/A. Let X be the exponent of P, i.e., the smallest positive integer 
h such that hpa = 1 for every h E P. Suppose that h > 1. Let PI be the 
subgroup {h@: h E P}. Obviously PI # (1) and, being characteristic, is 
normal in G/A. Since fl(x, y) is a pA-th root of 1 in K for every pair (x, y) in 
P x P, one concludes readily that F(P, x PI) = (1). Now let A, be the 
pre-image of PI in G. It is easy to see that A, is normal abelian in G and 
A, # A which clearly contradicts the maximality of A. Therefore, h = 1 and 
the assertion of (iii) follows. 
(iv) Let I be any non-zero two-sided ideal of k[M]. Let 
a = g, + 622 + *.* + LgA 
beanelementinIwithgjEMand[iEK(l <j<h,2<i<h).Lethbe 
smallest. We claim that X = 1. Suppose that h > 1. As h is smallest, it follows 
easily that the elements g, ,..., g, belong to distinct cosets of A. Since M is 
normal in G, by the maximality of A, the restriction of fi on M/A x M/A 
has to be non-degenerate. Therefore, there is an element g in M with 
[g,g,] # [g,gJ. Let L = [g,gJ, (1 G i < 4. Clearly 5i E K (1 < i < 4 and 
<r # 5s . Then1 contains the element b = w(g)a/l;, =g, + vzgz + ... + qAg, , 
with ?j = (&/Cl)& , (2 <j < A). Since 72 # & , (a - b)/(& - 7J yields an 
element of I which is of the form g, + eggs + ... + aAgA, with 01~ E K, 
(3 <j < h). Evidently, this contradicts our choice of A. Therefore h = 1, i.e., 
a = gl; it follows easily MC I, I = k[M]. Let F be the center of k[M]. 
Clearly F is a field over K. As M is normal in G, G normalizes k[M], hence F”. 
By the maximality of G, Fx C G, and by the maximality of A, A = F” hence 
F = K. Thus we have proved that k[M] is a central simple algebra over K. 
(v) By the maximality of A, Z(M) = A and the maxima&y of MI, 
Z,(M,) = MI. Hence we have a non-degenerate pairing T: M/M, x MI/A + A 
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induced by (x, y) --+ [iv, y], (x E M, y e Ml). Since [N : A] = [k[N] : K] is 
finite, the assertion of(v) follows from the duality of pairing. 
(iii) of Lemma 1.6 gives us a partial information on the structure of N/A. 
We still have to decide the index [N : A] explicitly. First we shall prove a 
lemma. 
LEMMA 1.7. (i) k[N] = k[B]. 
(ii) [k[q : k] = [G : B][k[N] : k]. 
Proof. (i) By (iv) of Lemma 1.6, k[N] is a central simple algebra over K. 
Since k[N] is invariant under w(G), the adjoint representation induces a 
homomorphism 01: B + Aut,(k[N]) of B into the group of K-automorphisms 
of k[N]. However K-automorphisms of k[N] are inner. Let B’ be the pre- 
image of a(B) in k[N]. Evidently, B’/A is isomorphic to m(B), hence B’ is 
solvable. Now G normalizes B, hence B’. It follows readily that B’ is con- 
tained in G. Since B’ is contained in Z,(A) = B, B has to coincide with B’. 
Therefore B C k[N] and consequently k[N] = k[B]. 
(ii) By argument similar to (iii) of Lemma 1.2, one can prove easily that 
if gl ,..., g, are elements of G belonging to distinct cosets of B, the ‘& k[B]g, 
is a direct sum. Hence it yields that [k[G] : k] = [G : B][k[B] : k] and by (i), 
= [G : B][k[N] : k]. 
Now we are ready to decide the index [N : A]. 
LEMMA 1.8. Let kl be the centralizer of G in M,(k). Then we have the 
following conditions: 
(i) k C k, C K. 
(ii) [K : kl] = [G : B]; in particular [G : B] is a divisor of 1. 
(iii) [N : A] = (n/Z)2. 
(iv) k[N] = M&K), with kn identified with Knlz. 
(v) k[Gj = M,(k,) with s[kl : k] = n. 
Proof. (i) Since k” is an irreducible G-module, by Schur’s lemma ki is a 
division algebra. By the maximality of G, G contains every abelian subgroup 
of k,“, hence k,“. It follows that k, is a field and klz = Z(G). Therefore (i) 
follows immediately. 
(v) follows easily from the structure theorem of simple algebras. 
(ii), (iii), and (iv). By (iii) of Lemma 1.2, [N: A] = [k[N] : K], hence 
[N : A] < (n/Z)2 for N can be identified with a subgroup of GL(n/Z, K). By 
(i), k, is the fixed subfield of K of the subgroup G/B of Gal(K/k). Hence it 
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follows [K : kI] > [G : B]. From (v), dim, K[Gj = s2[K, : k] = n2[KI : A]-1. 
On the other hand, by (ii) of Lemma 1.7, 
dim, k[Gj = [G: B][k[N]: k] = [G: B][k[N]: K]Z = [G: B][NI A]Z. 
Therefore, it yields the equalities 
[m A] = dim, k[Gj I-l[G: B]-1 = T [G: jj]-1 [k,: k]-1. 
As [K : k;] > [G : B], [N : A] 2 (n/1)2 and consequently [N : A] = (n/l)“, 
[G : B] = [K : k;] and k[N] = M,,&(K). 
Summarizing the results, we have the following structure theorem. 
THEOREM 1.9. Let k be a jeld, G a maximal irreducible solvable subgroup of 
GL(n, k) and A a maximal normal abelian subgroup of G such that k[A] is a 
field. Let K = k[A], 1 = [K : k], B = Z,(A), kI the centralizer of G in M,(k), 
and N a maximal normal subgroup of G contained in B such that N/A is abelian. 
Then we have the following conditions: 
(1) l is a divisor of n. 
(2) k C k, C K and [G : B] = [K : kJ is a divisor of 1. 
(3) -&A(W) = N/A. 
(4) N/A is a direct product of prime order cyclic groups and [N : A] = (n/Z)“. 
(5) k[N] = k[B] = M,,,(K), with kn identified with LW. 
(6) Let H be any subgroup of G with A C H C N. [H : A] = [k[Hj : K]. 
(7) Let M be any normal subgroup of G with A C MC N. k[M] is a central 
simple algebra over K. 
(8) Let n/Z = pp *** pi” be the factorization of n/l into primes. 
Through inner automorphisms, we have a representation 
ol: B + fi Sp(2s, , pi) C Aut(N/A) 
i=l 
such that kernel (a) = N; in case B = G, a(G) is completely reducible. 
Proof. The assertions of (1) to (7) are already proved in the preceding 
lemmas. Hence it suffices to show (8). By (iii) of Lemma 1.6, 
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where Fs,, is the finite field withp, elements. Clearly the subgroups Vj = Fz, 
(1 <j < X) are normal in G/A, fl( Vi , Vi) = {l} when i # j and the restric- 
tions ji of b on Vi x Vi , (1 < i < X) are non-degenerate skew symmetric. 
Through inner automorphisms, we have a representation 
01: B + fi GL(Vj) C Aut(N/A). 
j=l 
Clearly ker(or) = N by (3). Since A = Z(B), al(B) leaves all the forms bi , 
(1 < i < h) invariant, hence al(B) C I$=, Sp(2~ , p,). Suppose that G = B. 
Let W be any subgroup of N/A invariant under ar(G). By the maximality of A, 
the restriction of b on W x W is non-degenerate. It follows easily that 
N/A = W @ W*, where W* = (x E N/A : p(x, FV) = (1)). Therefore or(G) 
is completely reducible. 
LEMMA 1.10. Let K be a subjeld of M,(k) and k” = VI @ ..- @ V, a 
system of imprimitivity for KS. Then the subspaces of V, , (1 < i < h) are 
invariant under K. 
Proof. Without losing anything, we may assume that Kx acts transitively 
on the subspaces V, ,..., V, . Let iY1 = {x E K : XV, < V,}. Clearly KI is a 
K-subalgebra of K, hence a subfield of K for [K : K] < n2 is finite. It follows 
that [K” : KIz] = h. Let g, ,..., g, be a system of full representatives of 
K”/K,“. One shows easily that K” = (J~=IgjKIz and K = & g,K, . 
Evidently this is possible only when h = 1. Hence each orbit of Kx contains 
only one subspace or equivalently the subspaces V, , (1 < j < X) are invariant 
under K. 
Now we are ready to prove Theorem A. 
THEOREM A. Let G be a maximal irreducible solvable subgroup of GL(n, k). 
Then the following statements are equivalent: 
(i) G is primitive. 
(ii) For every maximal normal abelian subgroup A of G, k[A] is ajeld. 
(iii) G has a maximal normal abelian subgroup A such that k[A] is a$eld. 
Proof. (i) => (ii). Let A be a maximal normal abelian subgroup of G. 
By Clifford’s theorem and primitivity of G, k[A] is a simple algebra. Since 
k[A] is commutative, it has to be a field. 
(ii) * (iii) is trivial. 
(iii) =z- (i). Let K = k[A], [K : k] = Z, B and N as described in 
Theorem 1.9. Now kn = KnlZ, and by (5) of Theorem 1.9 k[N] = M&K). 
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It follows that R” is again an irreducible N-module. Suppose that G is not 
primitive and P = Vi @ ..* @ V, , h > 1, is a system of imprimitivity. 
Since 7~ is an irreducible N-module, N acts transitively on the subspaces Vj , 
(1 <j < A). By Lemma 1.10, the subspaces Vj , (1 < j < A) are invariant 
under K. Let N, = {g E N : g V, = Vj , (1 < j < A)}. Clearly A C No 
and N/N,, is abelian transitive on Vi, (1 < j < A). It follows that [iV: N,,] =A 
and [A[N,,] : K] = (r~/Z)~(l/h) by (4) and (6) of Theorem 1.9. Now 
dim,(VJ = (+) ;, (1 <j d A). 
By Clifford’s theorem k[N,,] is a completely reducible algebra and all the 
blocks RI ,..., R, of R[N,I have the same degree p over K. Clearly 
and p < dim,( Vi) = (T) i . 
Therefore we have the following inequalities: 
It follows that we must have equalities everywhere, i.e., p = (n/Z)(l/A) and 
p = A. Hence one concludes that K[N,] is not simple for TV = X > 1. Let 
G,, = {g E G : gV, = Vj , (1 < j < A)}. Obviously, G,, is normal in G, 
consequently N, = N n G,, is also normal in G. Then, by (7) of Theorem 1.9, 
R[N,I is a central simple algebra over K. Thus we are led to contradiction and 
the proof is hereby completed. 
2. THE BOUNDS OF DERIVED LENGTH OF LINEAR SOLVABLE GROUPS 
In [8], Zassenhaus proved the following theorem: There is a positive 
integer valued function k(n) of positive integers 71 such that for every linear 
solvable group Hof degree tz and X > R(n), the A-th derived group P(H) = {l}. 
The argument of Zassenhaus was based on his estimate on the bound of 
orders of unimodular primitive solvable linear groups of degree n. The 
bounds K(n) have been sharply improved by Huppert in [3]. Huppert proved 
that one can make K(n) < min{2n, 7 log, 71 + l}. By a slightly more delicate 
argument, we shall still sharpen Huppert’s results. For clarity, we introduce 
some notations. Let G be a group. We denote by a(G) the smallest positive 
integer such that D(H) = (1) f or every solvable subgroup H of G and 
X > a(G). For linear groups, we write u(n) for the maximal of the numbers 
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o(GL(n, k)) with K running over algebraically closed fields. In case irre- 
ducibility and primitivity of linear groups are applicable, we let a’(u), q(n), 
u,(n), and u,(n) stand for the corresponding bounds of irreducible primitive, 
irreducible imprimitive, reduced, and completely reducible linear solvable 
groups of degree n, respectively. 
THEOREM 2.1. For linear groups, we have the following inequalities: 
(i) a,(n) = max{u’(s), ui(s); 1 < s < n}. 
(ii) Let n2 = l$=,pp. 
44 G uc 
( 
fi Sp(h , l-4 + 2 < 42 log2 4 + 2. 
i=l ) 
(iii) Let I be the maximal of the numbers a(&) + u&/Z) with 
n > 1 > 1 and 11 n where S, is the symmetricgroup on I objects. Then ai < T(n) 
if n is not a prime power; ai < max{-r(n), u(GL(m, p)) + 2) ;f n is a prime 
power pm; in general ai < max{T(n), ~(8,) + l}. 
(iv) u(S,) < a,(2 - 1). 
(v) u,(n) < u(n - 1) + 1. 
(vi) u,(n) < u,(n - 1) + log, n + 1. 
Proof. (i) is immediate from the property of complete reducibility. 
(ii) Let K be an algebraically closed field and G an irreducible primitive 
solvable subgroup of GL(n, A). Without losing anything, we may assume that 
G is maximal solvable. By Theorem 1.9, G has a normal series 1 C k” C N C G 
such N/k” is abelian and G/N is a completely reducible subgroup of 
ni=, Sp(2.rj , p,). Hence (ii) follows from the fact that completely reducible 
subgroups of GL(s, p) are absolutely completely reducible. 
(iii) Let k be an algebraically closed field and G an irreducible imprimitive 
solvable subgroup of GL(n, k). It is known that k” has a system of imprimi- 
tivity k” = V, @ *.. @ V, such that dim, V, = n/Z, and the images Gi of 
the subgroups {g E G : g V, = V,}, (1 < i < I) in GL(n/Z, k) are completely 
reducible. Now let GO = {g : G : gV, = Vi , 1 < i < Z}. Clearly G/G, is 
isomorphic to a solvable subgroup of S1 and GO C G1 x ..* x G, . Hence 
U(G) < U(&) + U,(?Z/l). If n > 1 > 1, Clearly U(G) < T(n). SUppOSe ?Z = 1. 
If G/G, is not primitive, obviously k” has a system of imprimitivity 
k” = IV, @ e.0 @ W, with n > m > 1; hence a(G) < T(n). If G/G,, is 
primitive, it is well known that n has to be a prime power pm and G/G, is a 
semidirect product of a normal abelian subgroup FDm and a subgroup 
H of GL(m, p). Therefore, u(G/G,,) < a(GL(m, p)) + 1 and u(G) < 
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o(GL(m, p)) + 2 in case n = pm and G/G, is primitive on the subspaces 
V 1 >***, V, . The last assertion is trivial. Thus (iii) is proved. 
(iv) follows from the fact that Sr can be imbedded in GL(1- 1, Q) and 
its image is completely reducible over any algebraically closed field k of 
characteristic 0. 
(v) is obvious. 
(vi) Let G be a reduced solvable subgroup of GL(n, k). Clearly D(G) is 
unipotent when X 2 a,(n - 1). It is well known that any unipotent subgroup 
of degree a has derived length 61 + log, 71. Therefore the assertion follows. 
Applying the theorem to linear groups of small degrees, we obtain a table 
of bounds k(n) (Table I). In the table, k(n), k’(n), k&), K,(n), A(&), k,(n) are 
numbers > u(n), a’(n), ai( a(S,J, u,(n), respectively. 
TABLE I 
n k’(n) Wm) h(n) M4 k,(n) k(n) 
1 1 1 1 1 1 1 
2 4 1 2 4 2 4 
3 5 2 3 5 5 5 
4 5 3 5 5 6 6 
5 4 3 3 5 7 7 
6 5 3 6 6 8 8 
7 5 3 3 6 9 9 
8 8 4 7 8 10 10 
9 7 5 7 8 11 11 
10 6 5 7 8 12 12 
11 6 5 6 8 12 12 
12 7 5 8 8 12 12 
13 6 5 3 8 12 12 
14 6 5 7 8 12 12 
15 6 5 8 8 12 12 
16 10 6 9 9 13 13 
In the following we shall prove some lemmas on inequalities. With the aid 
of Theorem 2.1 and Table I, we can establish Theorem B by induction. 
LEMMA 2.2. 2 log, n + 2 < n, for n 3 8. 
Proof. Let y = x - 2 logs x - 2. Then 
f = 1 2logz e) 
X 
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clearly y’ > 0 when x 3 4. Since y(8) = 0, it follows that y(x) >, 0 when 
x > 8. 
LEMMA 2.3. If a,(m) < m for 5 < m < n and n B 8, then u’(n) $ n. 
Proof. By (ii) of Th eorem 2.1, u’(n) < a,([2 log, n]) + 2. Since n >, 8, 
5 -c [2 log, n] < n, hence a,([2 log, n]) + 2 < [2 log, n] + 2 and by the 
preceding lemma < n. Hence we get u’(n) < n. 
LEMMA 2.4. If u,(m) < m for 5 < m < n and n > 13, then q(n) < n. 
Proof. Let n = lm with 1 > 1: 
If 1, m > 4, u#) + u,(m) < I+ m < lm = n. 
If 1 = n, u(&) + 1 < u,(n - 1) + 1 < (n - 1) + 1 = n. 
If 1 = 2, then m 2 7 and ~42) + u,(m) < 4 + m < 2m = n. 
If 1 = 3, then m > 5 and u,(3) + u,(m) < 5 + m < 3m = n. 
If I = 4, a,(4) + a,(4) < 5 + 5 = 10 < 16 = n. 
If 1 = 4 and m > 5, then u,(4) + u,(m) < 4 + m < 4m. 
Hence in any case, a(&) + a,(n/Z) < n with 1 > 1 and II it. By (iii) of 
Theorem 2.1, q(n) < n. 
LEMMA 2.5. u,(n) < n for n > 5 and u(n) < n + 2 for every n. 
Proof. From Table 1, we know that u,(n) < n for 5 < n < 12. By the 
preceding two lemmas and induction argument, one concludes readily that 
u,(n) < n because u,(n) = max{u’(n), q(n), u,(n - I)}. Now, u(n) < n + 2 
is true for 1 < n < 12. Since 
u(n) < m~WO,ui(n), u,(n)> < m=+&4 u(n - 1) + 11, 
by an easy induction argument, we prove that u(n) < n + 2, for every n. 
LEMMA 2.6. x 3 log, x + (1 + 2/c), for x > 4 and c > 2. 
Proof. The proof is similar to that of Lemma 2.2 and is omitted. 
LEMMA 2.7. If u,(m) < X log, m for 2 < m < n and n > 16, then 
u’(n) 9 A log, n provided h 3 2. 
Proof. By (ii) of Theorem 2.1, u’(n) Q u,([log2 n2]) + 2. Since 
n > [2 log, n] > 2, uC([log2 n”]) + 2 6 h log, log, n2 + 2, and by the 
preceding lemma < h log, n. 
LEMMA 2.8. If u,(m) < h log, m for 2 < m < n, then q(n) < X log, n 
provided h 2 3. 
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Proof. Let 7(n) = max{a(SJ + oo(n/Z): n > I > 1 and I / n}. By our 
assumption, clearly 7(n) < h log, 12 without any restriction on A. Suppose 
that 71 is a prime power pm. o(GL(m,p)) + 2 < 3,6,7 if m = 1,2, 3, 
respectively. o(GL(m, p)) + 2 < (A + 1) log, m + 3 < Am < h log, n if 
h > 5/2 and m 3 4. Hence by (iii) of Theorem 2.1, q(n) < h logs rz provided 
x > 3. 
THEOREM 2.9. uc(n) < 4 log, n for every n < 1, and consepztently u(n) < 
1 + 5 log, ?z. 
Proof. From Table I, we know that u,(n) < 4 log, 71, 2 < n < 16. By 
the preceding two lemmas and an easy induction argument, one concludes 
readily that uc(n) < 4 log, n, by (vi) of Theorem 2.1, the assertion u(n) < 
1 + 5 log, 71 follows. 
Now combine Theorems 2.5 and 2.9 together; we obtain Theorem B. 
THEOREM B . Let G be a solvable linear group of degree n. Then LY( G) = { l} 
when X 3 min(n + 2, 1 + 5 log, rr}. 
By similar argument, we can also derive a pretty nice bound for u(S,). 
THEOREM C. a(&) < 2 logs n, for every n > 1. 
Proof. From Table I, a(,!?,) < 2 log, 11 is true for 2 < 7t < 16. Suppose 
that u(S,) < 2 logs m, 2 < m < 71, and n > 16. Let G be an imprimitive 
solvable subgroup of S, . If G leaves a proper subset invariant, clearly 
u(G) < u(S,+,) < 2 log, 71. Suppose that X, ,.., X, , n > Z > 1, form a 
system of imprimitivity. We may assume that 1 Xi 1 = m, (1 < i < 1) and 
n = ml, for otherwise G will leave a proper subset invariant and this case has 
just been discussed. Let G,, = {g E G : gX, = Xi , 1 < i < I>. Clearly GO 
is normal in G and G/G,, is isomorphic to a solvable subgroup of S, . It 
follows that 
u(G) < u(G/G,,) + u(G,) < 2 log, 1 + 2 log, m = 2 log, n, for G,, C fi S, . 
1 
In case G is an imprimitive solvable subgroup of S,, , u(G) < 2 log, n. 
Suppose that G is a primitive solvable subgroup of S, . We know that 7t 
has to be a prime powerpna, and u(G) < u(GL(m, p)) + 1. Then u(G) < 2,5 
if m = 1, 2, respectively, and u(G) < (m + 2) + 1, by Theorem 2.5, 
< 2m < 2 log, n if m > 3. Since n 3 16, u(G) < 2 log, 12 holds also in this 
case. Therefore, by induction, one concludes easily that u(S,) < 2 log, n. 
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